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0.1 0.2 0.2 0.5
0.3 0.1 0.1 0.5
> 0.4 0.3 0.3 1

sl 13gd il culal) el ~1
*‘u‘ﬁ:\m Y9 X u_-.i):u:\.d\ Ja ‘L\#ﬁ” Jalas g_\mi -2

s Jal)
cov(X,y) = Oyxy = Ziz]_xi-yj-l’(x,y) — HxMy
u, = %x; P(x;) = 1(0.5) + 3(0.5) =2
w, = 2y PO = (=3)(04) + 2(0.3) + 4(0.3) = 0.6
a5 ddag

cov(xy) = 1(=3) (0.1) + 1(2)(0.2) + 1(4)(0.2) + 3(—3)(0.3)
+3(2)(0.1) + 3(4)(0.1) - 2(0.6) = —1.2

cov(x,y) = —1.2
il AT dea 0

62 = Yx? P(x) — 12 = (1(0.5) +9(05)) - (2)2 = 1
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02 = Yy? P(y)) — 12 = (9(0.4) +4(0.3) + 16(0.3)) - (0.6)* = 9.24

:.LL\E)Y\ Jelaa Creny Q‘)ﬂ -

cov(x,y) —1.2
p(X, Y) = = = -
Ox Oy V1/9.24
p(x,y) = —0.4

Ll Jalae (Y (e ye Y 9 X il sdiall G il () 2S5l e dagii€ sl o2a
Al Akl (e KB Ko WS ((p(X,Y) # 0) asire st Laghy
Pxy) = P(x=x) P(y =yj)
Px=1y=-3) # Px=1)P(x=—-3)

gl ) damall o B Cldanall Jgaal (0

0.1 #0.4(0.5) # 2 ) gusad) ol JULX 5 Y. ouliis e (
((X,Y) ot dpsand) Cfisaall =7
E(x+y) = E(X) + E(Y) gsaxal) p25i -1-7

E(x+y) = ZZ(Xi +y) P =%;,y =VYj)

i=1 j=1

Ex+y) = zn:i(xi + ypPy

i=1 j=1

E(x+y) = ii(xi-f’i]‘ + ;- By)

i=1 j=1

Ex+y) = zn: i(xi-ljij) + ii(Yj-Pij)

i=1 j=1 i=1 j=1

= Zn: Xi i(Pij) + Zn: Vi i(Pij)
1 =1 i=1 =1

i=
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n m m n
:zxipi.'l'zyip.j ; Pi.=zpij ; Pp= ) By s
i=1 j=1 j=1 i=1
Pl Le an diag
n m
Ex+y) ZEXi P (x=x;) +z)’ip(y=}’j)
i=1 j=1
Ex+y) =E®) + E®©) Pl deagis )

Yo X Gouaiall (uaBaill ¢ gane (Golews g oanall salbll a8l 8 Jallg
1300l Al Gy el cplall ey sa5 :(X,Y) d BLEN ajadl —2-7

cov(x,y) = E[(x — EQ))(y — E()) ] = E(xy) - E(x) E(¥)

= [x— EG)( — EG) |PE=x;,y =y))
i=1j=1
= D) [x— EG)(y — EM)]-By
i=1j=1
Pj =Px=%;,y =Y s
Cov(x,y) = ?:127;1[()(_ E(X))(y_ E(Y))]pl] taan 4_'1.{9

;A A8 LY Jalae 35S il

cov(x,y) _ Eita XjLa|(x = EX))(y — E®))]-Py

p
xy Oy Oy Ox Oy

:adiadla —
Y 5 X gl Gu (k) dage Ldalayl Al ol cov(x,y) >0 :glS 13 -
Y 59X Gomiall G (eSe) Alls dala)) 28l 18 cov(X,y) <0 :o\S 13 -

Al BDle dag Y ol s Y 5 X il Gl cov(X,y) =0 o< 13 -
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;i) Akl ﬁ}d\ Jaa g (X,y) Gg)ﬂ (kS) Al g ‘.f‘\élﬁ\ e}i—“ -
n m
Mis(xy) = E(<y%) = >3 sk yoP(x = x;,y = )
i=1 j=1
1(X,Y) gl (Ks) 4 & (gl ajall —3-7

Mis(x,y) = E[(x — EG)* (v — E()°]
= “ i[(xi— EC)*(yi — EO)’IPx=xi,y =)
i=1j=1
;A0 AL (35S (Sl ajadl b S=1, K=1 il 13 :ddaadla
Mi;(xy) = cov(xy)
P X adall uls -
V(x) = E[(x— E(X)]*

= YL xf . P(x = x;) - [Ty x; . P(x = ;) |? = 0%

HGITEN

X wiall piall (bl CladY) Jia 251 03 =/ V(X)

Py sdal) gl -
V() = E[(y - EM]?
=YLy P =y) - [ELt.yi PG =y ]* =}

y osdell juaall (g)leall CalatV) fiar sa5: 0y =4/ V(%)
H(X,Y) Costiall cpn i) cplial) —4-7

E(x,y) = E(x) E(y) + cov(x,y)
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(X/y) (arid) ool ghgill 57

1Al Al oy () srial) 3aad Jayds (X) Lwiell salll adgil) slal ey 13a
n
E(x/y=9)= ) xPx/y=y)
i=1

X el apdl) bl -

Vix / y=y)) = Elx—E(x/y =yp]*
i -E(xi / yp]* . P(x [y = ;)
H(YIX) lardl) sl ) aBgil) —6-7
E(y/x =x;) = iy,--l’(y/x =X;)
=1

DY il ajdd) gl -
Vy/x=x) = E[y—EW/x = x)]*

= Xaly; -E(i/ x:)]2 Py / x = xi)

oy /x=x) = JV@/x=x)
:ddlaal) cil)Sal) Jlanials ssad) cjsaall clua —8

(ralgll Jaugial) —1-8
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cov(x,y) = 211 211 Nij (x; — X)(y;— Y)

1 n _
V(x) = 02 = Nz_ 1Ni_xi2—X2
i=

Vo) = o2= =3 Njy2 -2
1=

rdlidial) bl A8 gias —2-8

X Y
X V(X) Cov(x,y)
Y Cov(x,y) V(Y)

P(XY) oyl sl dualdll Jaaadl i ol gabiioss (5)ad) bl Jiall (ya 106 Jia
P (x/y) il Clas (1

P(x =x;,y =y;)

P(x/y) = PG =) = P(x,y)/P(y)
y|  Yis5 Y2=10 Ya=15
X
X1=2 0/18 0/17 3/15
Xz =4 1/18 217 5/15
X3=6 418 5/17 6/15
X1=8 5/18 717 1/15
Xs = 10 8/18 3/17 0/15

E(X/Y=Y)) sl adsill sl -1
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5
EGe/y) =) % PG [/ y=n)

=x P(x1/y=y1)+ % P(x /ly=y,) + ..
+ x5 P(xs/y=y1)

E(x / yl) = 2.0/18 + 4.1/18 + 6.4/18 +8.5/18 + 10.8/18
= 148/ 18 = 8,222

P(x=x;,y =yj)

P(x/y) = = P(x,y)/P(x)

P(x = x;)
: ol Jpanll Ll
y Y1=5 Y.=10 Ys=15
X
X1=2 0/3 0/3 3/3
Xo=4 1/8 2/8 5/8
X3=6 4/15 5/15 6/15
X4=8 5/13 7/13 1/13
Xs =10 8/11 3/11 0/11

tE(Y/X=Xi) il adgill alag) -2

BO/x) =Y 3 POy [ x=5)
= PO/ x=x)+ Y2 P(y2 /x=x1) + y3P(y3/x=2x1)
E(y/x)) =5.0/3 + 10.0/3 +15.3/3 =15
E(y/x,)=5.1/8 + 10.2/8 +15.5/8

sl aygll Jaaa il

y Y1=5 Y2=10 Y3=15 >
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X1 =2 0 0 0.06 0.06
Xo=4 0.02 0.04 0.10 0.16
X3=6 0.08 0.10 0.12 0.30
X4=8 0.10 0.14 0.02 0.26
Xs =10 0.16 0.06 0 0.22
y 0.36 0.34 0.3 1
sl ) cplall alag) —

E(x,y) = E(x) E(y) + cov(x,y)
E(x,y) = zizlzjzlxi-y]' P(x =x;,y =yj)

= 2(5)(0) + 2(10)0 + 2(15)(0.006) + 4(5)(0.02) + 4(10)( 0.04)
+ 4(15)(0.10) + 6(5)(0.08) + .....+ 10(15)0 = 6.06

E(x,y) = 6.06 ;o

PY 95X Gpeiall adall cles -

E(x) = Z;xi P(x = x;) = 2(0.06) + 4(0.16) + 6(0.30) + 8(26) = 6.84
E(x) = 6.84

E(y) = zm yi P(y = y;) = 5(0.36) + 10(0.34) + 15(0.3) = 9.7
j=1

E(y) =9.7

cov(x,y) = E(x.y) — E(x) E(y)

cov(x,y) = 6.06 - 6.84 (9.7) = —5.748

Y X L)_.D:\Mwhﬂ\um—
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V(x) = E[x;- E(x)]* = E(x{) - E(x)2

E(x}?) = Z:;lxiz.P(x = xi)
= (2)2 (0.06) + 42 (0.16) + 62 (0.30) + 82 (0.26)

+ 102 (0.22)

(2)2 (0.06) + 42 (0.16) + 62 (0.30) + 82 (0.26)
+ 102 (0.22) - (6.84)2 = 5.4544 = (2.33)2 = g2

V(x)
o, = 2.33 sl 2 Sl
sl Lo aas Lilh (Y) sl ety Lad Ll
V) = Elyj- EQDI? = EQ}) - E()?
v(y?) =zm y2.P(y = y;) = (5)2(0.36) + 102 (0.34) + 152(0.30)
i=1

V(x) = (5)2(0.36) + 102(0.34) + 152(0.30) - (9.7)2 = 16.025

= (4.05)* = oy
= o0, = 4.05
tok WS L)Y Jalee ani diag
cov(x,y) —5.748
= = = —0.61
Pxy 0.0,  (2.33)(4.05)
Pxy = —0.61

o?(x/y) = El(x/y)*] — [E (x/»)]*
= YXixf.P(x/y) — [Xx . P(x /)]

= 22.0/18 + 42.1/18 + 62.4/18 + 82.5/18
+ 102.8/18 - (8.22)2

= 71.11- 67.66 = 3.45
dalaall ) Sl Jlaniosls aaall sl sla) 107
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y| 5 10 15 | yi Z i | NEXC [ N2
j=1
X
2 0 0 3 3 6 12
4 1 2 5 8 32 128
6 4 5 6 15 90 540
8 5 7 1 13 104 832
10 8 3 0 11 110 1100
N;=Yi=iNj | 18 17 15 N=50 S=342 | S=2692
NLiyj 90 | 170 | 225 S=485
N7 450 | 1700

1

_ n 1
1x=—§ x; = — (342) = 6.84
VX =2 ), M =55 (342) =68

2?—1zm =1 485y =97
) = ]=1n.j)’j—50( ) =09.

) V(x) = o = -3, Ny.x? — X2 = —(2612) — (6.84)% = 5.45 = (2.33)?

HVy) = oy = %z;ﬂle_,-.yf -Y?= %(5525) —(9.7)% = 16.41 = (4.05)?
5) cov(x,y) = %Zis:lzjil N (x-X)(y; —Y)

1 5 3 —
= Nzizlzj:1 Nl]xly] - XY

cov(xy) _  —5748 .
oxoy  (2.33)(4.05) 0.61

6) Pxy =
t bl cplilly cplall 48 gemn Cles (7

( V(X) cOv(x,y))_<5,4544 —5,748)
Cov(x,y) V() / \_5,748 16,41
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: daaand) Gfjaal) alsd —3-8
*Vix—y) = V(x) + V(y) - 2cov (x,y)
*Vix+y)=Vlx—(=y)]= V) + V() — 2cov (x,y)
*V(ax) = a2V (x)

* Cov(ax,by) = ab cov(x,y)
POliena (o puiial dallaiay) ilaa gil) Onilgd —9
H(X,Y) Cuiiall djidial) laial) aujsill ¢ silh —1-9
(X0y) sl & D saaase dahie s SHaiaall Lilgdall Clyiaiall (1a (X.y) Sl o ks
a5l gl Sayg XY Guiladiall (ppuitiall sialy) 20l IS e (o)laill ayaill (538 (555
A Al (55 (X, Y) Saplle Jlain)

flx,y) = {f(()x Y) Ssiin(:;ly) €D

roal layal) 3aas 13 (X ,Y) d Adlaay) GESIL f(X ,Y) okl o -
1) x,y€R?; f(x,y) = 0
2) [*7 [T fx,y) dxdy =1
(1) Al Lﬁjl—uﬂ @J}.\l\ C.L-u.u L\aﬁ& ggﬂ\ ?Aéj\ BN
(x,y) 3 dpdal migll sa 0 f(x,y)
f(X ) niall ayell Jalall gala) JolSal) Jiar sa 3(X) siiiall Aaia¥) aujsid) 093 —

+ 0o

fx) = f f(x,y)dy .......(01)

— 00
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f(X ) enda) asll Jalil) (sala¥) JalSill i sa 1(y ) suitiall Jlaia¥) ajgill ¢ il -
X periall daeally

f(y) = j f(x,y) dX .......(02)

Al Al (5 ¢ (X) uiiall () sl ¢y silE -
fle,y)

fx/y) = G) fy) #0
() DAl (35S ¢ () skiall oyl aus sl (sl -
_ fx,y)

fO/0) = =57 60 #0

b Al ADlal) gt Aadayall Cpilsall bl el DA G
fl,y) = f(x/y) fy) = f/x) f(x)
) Al (s il sl b Cpliise Cuilsde (pysia Y g X Lual IS 1Y) :Akaaa
fl,y) = f(x) f»)
P(x< x;,y< y;) = P(X< x).P(Y < y;)

fx/y) = f(x) o gmlm y oo Jbwx v

f/x) = f() o @mlm X e Jiwmy vV
(Al A1) cylaiay) bl lus —2-9

(x=x;,y=yj) :&us F(x,y) 50l a¥las¥) Ll apg
+00 400

F(x,y) = PX<x,Y<y) = j Jf(x,y)dxdy

—00 —O00

ol cpfina) il Bagasall daluall Jilially Aaiall Cad oo (o3 anall Jidd sda
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0% F(x,y)

;s Al Galsd —3-9

il (ol paline e s 58 :F(x,y) -1
Vy,x;> X, 2F(X,y) 2 F(Xp,y) :0bd¢ X1 > X, :08 13 —
Vx,y1 > y2 =2 F(x,y1) = F(x,yz2) :08cy; > yp 2 081 -

:o L.gi Jaall (golud (4 pasiall ST o aaY (—0) Ll L ails daid 2ic F(x,y) 4ad o)) =2
F(x,—o)=F(x,—») =F(—o,—0) =0

F(4+0,+00) =1 :3f @l (1) aalsll (gslass cpopuiall M (00) i F(X,Y) daid o) =3

YWY b ) Uglas s F(XY) 0 (400) Ll Lo dad Goparial) aaf 3l Lavie —4

AY) el
F(x,—) =F(x)

F(~o,y) = F(x)

0 < F(x,y) < 1 :4ull a8l @iy F(X,y) o) =5

:alaaNa —

: 0l D sl b 53sa9a (XY) Adaiill (3685 o Jlaial @)
Pl(x,y)€ D] =jj fx,y) dxdy
D
b LS s Jlaall Jlia) 6« D = [a,b] [c,d] o813 -

b d
P(anSb,cSySd)=jjf(x,y)dxdy
a c

Badaally ALlaal) dahaiall aoyy agtd Cua Jlaa¥) 13a Glua (Ko L F(X,y) 10813 -

(x0y) (gsidll (e (¢ = ¥ < d)s (@ < x < b) :pfaalial
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il JLisY) -4-9

S (ATl Alaial i) Alls b (i
*P(x
*P(y

x/y) = [T _xf(x/y)dx
y/x) = [ yfl/x)dy

A IA

:dlatall cfypatiall el Cfjraal) —5-9
t E(X+Y) gsanall a8gi —

f() = [T7f(x,y)dy 23 Bl Ll

FO) = fewax

1) EGx+y) = [0 [77(x+y)f(x,y) dx dy
= [Ox[ S0 fe,y)dylde + [ y[[ f(x,y)dx]dy
= [[Dxfx(dx + 1y fy(y)dy
E(x+y) = E(x) + E()
2) E(ax+ by) = ['7 [ (ax + by) f(x,y)dxdy  ; (a,b)€R
= T2 ax f(x,y)dxdy + [ [ by f(x,y) dxdy
= af"7x 77 f(ey)dxdy + b [0y [T f(x,y) dxdy
= a ["7x fu()dx+b [y f,(y) dy
= aE(x) + bE®)
NEM.y) = [0 [ 7xyf(x,y)dxdy
4) cov(x,y) = E[(x- E(x))(y - E®))]

= ["2 17 (x- E0) (y- EQ)) fx,y)dxdy
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+00 +00 +00 +o00

= f f(xy)f(x,y)dxdy—f fxE(y)f(x,y)dxdy

—00 —O00 —00 —00
+00 400

—j JyE(x)f(x,y)dxdy+E(x)-E()’)

—00 —O00

cov(x,y) = E(x.y)- E(x) E(y)

Jall JSAN e XY Catlsdall (ppuiiall el wygll Ll (S 2 e

flx,y) = {1/2 Sin(yi)+ y) ; (x,);)ineon[o,n/Z]
flx,y) = {e‘x cosgy) ; XZO,S}ilforEO,n/Z]
+00 /2 /2
F@ = | f@ydy= [ e costidy=e [ cosdy
—00 0 0

T

f;C(X) = e_X[Sin Y]g = e_x[l — 0] = f;c(x) — o X
/2 )2

) =j_ flx,y)dx = f e * cos(y)dx = cos(y)j e ¥

v

fy(¥) = cos(y)[—e ™5 = cos(y)[0 + 1] = cos(y) = £, () = cos(y)

f&x,y) e *cos(y)

fasy) = L2 =S o ) = e = )
forn =L - costy) = £,0)
Xy = %’;:’) Lhﬁ)‘}“ d.nl.au g._\b.u; —

cov(x,y) = E(x.y)- E(x) E(y) :&ullidLl ol

E(x.y) = f0+°° fon/z(xy)e‘X cos(y)dxdy = f0+°°x e Xdx fon/z cos(y)dy
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cov(x,y) = EEQY)-EMXEQY)=0=1n,=0>x Ly
Bpaieaal) dadlid) Aadlaial) culasgal) @ AU Juadl)

D. Normale ou D. de Laplace —~Gausse wug 3 guisi of (el aujgill -1

o ki pailad e 4l W aladiul) dails Dllaay) clasl) sl e candall ajsill 2
oolall e Wl gl 2 Adaally Ljidl) ol Anlaiyly doe Laa¥ly dandall Halshall (e 8,0 o
Aalal Jlgka (e AL ducig cle Jansia (he duf Lgia 5uS duni Laasl agllohal Lndy Lo La &
alaie alea (8 ULl o3a Lifie gl . 13600 Lansilly 138 Sy ARl Hlal (e Lol dlae dsasis
Jon Jilia puuyn <513 L) dpass o o€ar Lo sl cdanil) Jiag (31 il S uilavia

0 Ol dipa —1-1

foh WS panhall gl aiad 28K Ally (o

1 ‘(1/2)[)(_#]2

f(x):me d —90 < X < 00

. X

g,*m\ el alad) J<& 21 Ay
X ~ N(H, 0) i @bl CalaVly adall Mgl e s 650 Cus

1 px —1/2["‘—”]2
F(x)=P(X <£x)= e o ) dv
O~N2m *—®

Jehall (us€il Z = (X—p) /0 dnplonad) spinal) axdiad @ djbaal) o A3Shal) Bpaiall —2-1
sy L dslasy)
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F(2)=P(Z<z 5 PO<Z<z)

b WS lllg o g My X dilan 3 e Y Z aafy Jogae AV F o f Allall LUS racs Cus

f(z)=ie‘22’2 —0<Z<o

Jor

F(z):P(Zgz)z%regzdu

21 I
o
V(Z)=1 E(Z2)=0
bl a9l pailad -3-1

M, () = exp(tﬂ+t2ﬂ 2) P agall Basatal) Al -
" 2

o = 3 edaldidl) Jalaa iiay Cus cladalie Yy Luse Y Yifies iy 43l gandal) ajsill Gailiad (e

calisiell Jlaey hlea ‘_,,.a_u.u\ el
_Hs _

A el Jpn BT 570 Gilae Ll ek ) (el o

Jal e 4l i e <0 Jon Z inial il ey (3 UKD ki) Jassgiall Jom X Aaia Jil
12> 0 dybadl spaiall dad 4

P(0<Z<z)=P(-z<Z<0)=P(-z<Z<2)/2

P(Z<-2)= 1-P(Z<2z2)=P(Z 272)
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¥ ladaYy) clua gs bl 2l Jilad aladiad 1 2 sy
tald lgiay Aniall cat (Glaleddl) EYLaaY) Glua Z 4l Spuaiall aladiuly o3 28l 4
P(-0< X <0)=- P(-0<Z <0)-0.6837,
P(-20<X< 20)= P(-2<Z<2)=0.9544,

P(36<X< 30) = P(-3<Z<3)=0.9973.

letbn S LS caaball (o S0 6 laand 3l Alaaa) Jslanll 6 Bjigie Loyt s il oda

NEETVMEN N REGE

p-30 M-20 M -1o 1] p+lo M+ 20 M+ 30

1 1 — 1 1 1
| ! | 20=68.26% | | |
1 | 1 1 1 1
! 1 40 = 95.44% ! !

d w! [}
1 :‘ . 1
| 60 = 99.73% :
il |-
L | L]

80 =99.9937%

bl asil) ate it b)) claluddl 1 3 sy

z=1,2,32aP0<Z<2): caal (1 &ibas¥) Jglaad) Jlaaiaals : 1k
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Z Jadll gt Jal (wP(-2€Z<2) sl (2
0.49865 « 0.47725 < 0.3413 (1
0.9973  <0.9545 «0.6827 (2
AU ) silly el a il G Bl —4-1

rerhll aall das S SN Aol lie) (S 0 e cuf e Py S Al
Py ST S N clS LS Lyl ST il olaysil) ass

. 1 o X—np
lim P(agzsb):—fez’zdz, z=
B V2 Jnpg

0.5 00 P S bl mysll e SN el GOl gy
:g,\gjiﬂ\ R
5 e xS LS NG 5 NP Levie Lidle SN aojsill () canill pias Lages —

topbgie cull) cplayall aal 06K of o (AT sacE adiay ! pilas¥) e 2 -
npg =9 ou n>20,np >10,nqg >10

Osmilgs 2589 rnbal) 2l C ABM —5-1
Py L Alie il lidasy gulsrg (oraall Cpeaygill Qb A oo Laxie

_ZZ

. X—A 1 b
Iim Pla< <b |= e 2 dz
A [ NG j NEY Ia

Ul Auaranl) AN g ABUSY Al o) o) O gAY Aisaa -2

gy dala A Jamey Osmlsy @29 & Gare dera (A deall Sdlgs 220 O Ay caig
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